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ABSTRACT. In [1] there was proved a theorem concerning the con-
tinuity of the composition mapping, and there was announced a
theorem on sequential continuity of this mapping. The proof of
the last theorem has not been published as yet. We prove here
a more general theorem and give some corollaries. One of these
corollaries is a result that was formulated by Lang in [2] as a con-

jecture.

0. INTRODUCTION

In [1] there was proved a theorem concerning the continuity of the com-
position mapping which sends a pair of functions between (pseudo)topological
vector spaces to their composition, and there was announced a theo-
rem on sequential continuity of this mapping for functions between
topological vector spaces. The proof of the last theorem has not been
published as yet. We prove here a more general theorem and give some
corollaries. One of these corollaries is a result that was formulated by

Lang in [2] as a conjecture.

1. DEFINITIONS AND NOTATIONS

Let X be a topological vector space. By Nbg(X) we denote the set of

all neighbourhoods of zero in X.

Definition 1. A set A C X is bounded if for every U € Nby(X) there
exists 0 > 0 such that 04 C U.
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Definition 2. A set A C X is sequentially compact if we can choose

from every sequence of its elements a converging subsequence.

Definition 3. Let X, Y be topological spaces, and let f be a mapping
from X into Y. We say that f is sequentially continuous at a point z

if for any sequence {z,} in X

x, — x in X implies f(x,) — f(z) in Y.

Definition 4. Let X, Y be topological vector spaces, and let f be
a mapping from X into Y. We say that f is uniformly sequentially

continuous on a set A C X if

V({hn}cX ,hn—>0> WV € Nbo(Y) 3ng € N Vn > noVa € A -

flx+h,) — f(x) e V.

Definition 5. Let F(X,Y") be the vector space of all mappings from
a topological vector space X into a topological vector space Y. Let
S be a system of subsets in X defined in terms of the topology of X
(e.g. the system of all bounded sets or the system of all sequentially
compact sets in X). The topology of uniform convergence on the system

8 is the topology with the following base B of neighbourhoods of zero:
B={Usy | A€,V END(Y)},

where Uqy = {f € F(X,Y) | f(A) C V}.
Here f(A) = {f(z)|x € A}.

This topology is denoted by Fg, the topological vector space with
this topology being denoted by Fs(X,Y).
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Definition 6. Let X, Y, Z be topological vector spaces. The composi-

tion mapping is the mapping

comp: F(X,Y) x F(Y, Z) = F(X,Z), (f.9)—gof.

Definition 7([3]). Let X be a topological space.

A set U C X is sequentially open if for every sequence {x,} C X
converging to a point x € U there exists ng € N such that ¥n > ng :
x, €U.

A set V' C X is sequentially closed if, whenever {z,} is a sequence
in V' converging to x, then x must also lie in V.

Remark. It is obvious that every open subset of X is sequentially

open and every closed subset of X is sequentially closed.

Definition 8([3]). A topological space X is a sequential space if one

of the following equivalent conditions is satisfied:

(1) Every sequentially open subset of X is open.
(2) Every sequentially closed subset of X is closed.

Note that every metrizable space is a sequential space.

2. SEQUENTIAL CONTINUITY OF COMPOSITION MAPPING

Lemma 1. Let X be a set, Y a topological vector space, 8 a set of
sequences in X, and {f,} a sequence of mappings from X into Y. If
fn(xn) — 0 for all sequences {x,} from 8, then the sequence { f,} con-
verges to zero in'Y uniformly on every set in X such that from every
sequence of its elements we can choose a subsequence which lies in 8.

Proof. Let A be a subset in X such that if {x,,} C A; then there exists
a subseqeunce {x,,} which lies in 8. Let us suppose that there exists
a neighbourhood of zero V' in Y such that Vi € N 3(n; € Nyn; > 1) :
fn;(A) ¢ V. Then there exists z,, € A such thatf,, (z,,) € V. Choose
a subsequence {z,, } € 8. For any k it holds f,, (z,, ) ¢ V. Hence
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fmk (xnk) does not converge to zero in Y, and neither does the sequence
{fn(zn)}. We come to a contradiction to our assumption, and the the-

orem is proved.

Theorem 1. Let for each topological vector space E a system 8(E) of

subsets of I/ be given that satisfies the conditions:

(i) S(E) contains all converging sequences in E,
(ii) if A,B € 8(E) then A+ B € 8$(E), (where A+ B = {a+1 |
a€c Abe B},

(iii) of A€ 8(E) and B C A then B € §(E).

Let X, Y, Z be topological vector spaces. If a mapping f : X — Y sends
the sets from S(X) into sets from 8(Y) and a mapping g : Y — Z
is uniformly sequentially continuous on the sets from S(Y'), then the
composition mapping (see Def. 6) is sequentially continuous at the
point (f,g).

Proof. For brevity we write in the text below simply Fs instead of
Fs(x)-

Let 8(X) denote the system of all sequences that lie in $(X). Let
{fn} be a sequence of mappings from X into Y that converges to zero
in Fg and let {g,} be a sequence of mappings from Y into Z that
converges to zero in Fg. It is clear that the sequences {f,} and {g,}
converge to zero in Fg too.

We have to show that the sequence {comp(f + f., g+ gn)} converges
to comp(f,g) in Fg. By Lemma 1 it is sufficient to show that for all
sequences {x,} from $(X) it holds

((g + 92)((f + fo)(@n)) = (9(f(2n))) —— 0'in Z,

n—oo

that is, that

(9(f (@) + fulzn)) + gn(f(2n) + ful(2n)) — 9(f(2n))) —— 0'in Z,

n—oo
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or, in terms of neighbourhoods, that

VW € Nbo(Z) Ing € N ¥n > ng:

(9(f(zn) + fulwn)) + gn(f(zn) + fulzn)) — g(f(20))) € W.

Without loss of generality we can assume that W is balanced. There
exists a balanced neighbourhood of zero V' in Z such that V4+V C W.

Since {f ()} € S(Y), fu(rn) —— 0 and g is uniformly sequentially

continuous on the sets from g(Y) we have
dny € NVn >nVk € Nt (g(f(xr) + fulzn)) — g(f(zr))) € V.

Since the sequence {f,(x,)} converges to zero and therefore belongs
(as a set) to S(Y), by (i), the sequence {f(2,) + fu(z,)} belongs as a
set to 8(Y), by (ii) and (iii). Since g, —— 0 in Fg, we conclude that

Ing e NVn > ny @ go(f(xn) + fulz,)) € V.

Put ng = max{ny,ns}. Then for any n > ng it holds

(9(f(2n) + fulwn)) + gn(f(20) + ful2n)) — 9(f(zn)) €V +V CW.

The theorem is proved.

For any topological vector space E, let B(E) denote the system of all
bounded sets and K(FE) the system of all sequentially compact sets.
Since the systems B and K evidently satisfy the hypothesis of Theo-
rem 1, we obtain the following corollary, which is the result announced
in [1].

Corollary 1. Let § be B or K, and let X, Y, Z be topological vector
spaces. If the mapping f : X — Y sends sets from 8(X) into sets from
8(Y) and the mapping g : Y — Z is uniformly sequentially continuous
on the sets from 8(Y'), then the composition mapping is sequentially

continuous at the point (f,g).
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3. THE PROOF OF A CONJECTURE OF LANG

Let X and Y be topological vector spaces. We denote the space of all
continuous linear mappings from X into Y equipped with the topology

of uniform convergence on all bounded subsets of X by L(X,Y)y,.
The following result was formulated in [2] (pgs 5-6) as a conjecture.

Theorem 2. Let U be an open subset of a Fréchet locally convex
space F', let X, Y, Z be topological vector spaces, and let the mappings
f:U—=LX,)Y) and g : U — L(Y,Z)y, be continuous. Then the
mapping

0:U—L(X,Z),, x+ g(x)o f(x)

18 continuous.
First of all we give three lemmas and a corollary of Theorem 1.

Lemma 2. (see e.g. [4]). Let (X, 7) be a sequential space, and U an
open subset of X. Then the topological space (U,o), where o is the

induced topology on U, 1s a sequential space.

Lemma 3. Let X be a sequential space, and let Y be a topological
space. Let f: X —'Y be a mapping. Then f is continuous if and only
iof s sequentially continuous.

Proof. See e.g. [3].

Lemma 4. Let X,Y, Z be topological spaces. Let f : X — Y be sequen-
tially continuous at a point x € X and let g :' Y — Z be sequentially
continuous at the point f(x) € Y. Then go f is sequentially continuous
at the point x € X.

Proof. Obvious.
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Corollary 2. Let U be an open subset of a sequencial topological space
F,let X, Y, Z be topological vector spaces and let the mappings [ :
U—LX,)Y),andg:U — L(Y, Z)y, be continuous. Then the mapping

0:U—L(X,Z),, x+ g(x)o f(x)

18 continuous.

Proof. 1° First of all we claim that
comp: L(X,Y), x L(Y,Z)p, — L(X,Z)p, (I,h)+— hol

is sequentially continuous at each point ([, h).

It is sufficient to verify that continuous linear mappings satisfy the
hypothesis of Theorem 1. But indeed, any continuous linear mapping
sends bounded sets into bounded sets, and any continuous linear map-
ping h is uniformly continuous on bounded subsets, so it is evidently
uniformly sequentially continuous on bounded sets.

2° Since f and g are continuous, their product
(fug):UHL(‘X:Y)bXL(Y?Z)bu J}l—>(f(£l?),g($>>

is continuous too. Using Lemma 2 and Lemma 3 we conclude that the
mapping (f, g) is sequentially continuous.

3° Our mapping ¢ can be written as ¢ = comp o (f, g), therefore,
by Lemma 4 and by steps 1° and 2°, the mapping ¢ is sequentially
continuous. Using once again Lemma 3, we get that ¢ is continuous.

The corollary is proved.

Proof of Lang’s conjecture. Since every Fréchet space is first count-
able, and every first countable space is sequential (see e.g [5]), the

assertion follows from Corollary 2.
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